Abstract. We study the l 1 -error of a Hamiltonian-preserving scheme, developed in [11] , for the Liouville equation with a piecewise constant potential in one space dimension. This problem has important applications in computations of the semiclassical limit of the linear Schrödinger equation through barriers, and of the high frequency waves through interfaces. We use the l 1 -error estimates established in [30, 28] for the immersed interface upwind scheme to the linear advection equations with piecewise constant coefficients. We prove that the scheme with the Dirichlet incoming boundary conditions is l 1 -convergent for a class of bounded initial data, and derive the one-halfth order l 1 -error bounds with explicit coefficients. The initial conditions can be satisfied by applying the decomposition technique proposed in [10] for solving the Liouville equation with measure-valued initial data, which arises in the semiclassical limit of the linear Schrödinger equation.
1. Introduction. In [11] , we constructed a class of numerical schemes for the d-dimensional Liouville equation in classical mechanics:
where f (t, x, v) is the density distribution of a classical particle at position x, time t and traveling with velocity v. V (x) is the potential. The main interest is in the case of a discontinuous potential V (x), corresponding to a potential barrier. When V is discontinuous, the Liouville equation (1.1) is a linear hyperbolic equation with a measure-valued coefficient. Such a problem cannot be understood mathematically using the renormalized solution by DiPerna and Lions for linear advection equations with discontinuous coefficients [5] (see also [2] ). Our approach in [11, 12] to such problems was to provide an interface condition to couple the Liouville equation (1.1) on both sides of the barrier or interface. The interface condition accounts for particle or wave transmission and reflection. Based on this notion of the solution, the socalled Hamiltonian-preserving schemes were constructed in [11, 12] , which build this interface condition into the numerical flux. Schemes so constructed provide solutions that are physically relevant for particle or wave reflection and transmission through the barriers or interfaces. The Liouville equation is the phase space representation of Newton's second law:
which is a Hamiltonian system with the Hamiltonian
It is known from classical mechanics that the Hamiltonian remains constant across a potential barrier. This is one of the main ingredients in the Hamiltonian-preserving schemes developed in [11, 12] . The two schemes developed in [11] -one based on a finite difference formulation (called Scheme I) and the other on a finite volume formulation (called Scheme II) were proved, in one space dimension with a piecewise constant potential, to be positive, and l 1 and l ∞ -stable for suitable initial value problems and under a hyperbolic CFL condition (see also [29] ).
The more sophisticated issue of the l 1 -stability of Scheme I was studied in [29] . We proved in [29] that, in the case of a step function potential, Scheme I with the homogeneous Dirichlet incoming boundary conditions is l 1 -stable under a certain condition on the initial data. In particular, we showed that such an initial condition is satisfied when choosing the numerical initial data as the cell averages of a bounded analytical initial data. Since the exact solution, in the aforementioned notion using the interface condition, to the same problem is l 1 -contracting, an l 1 -convergent scheme should be l 1 -stable. Thus the results established in [29] implies that Scheme I meets the necessary condition for the l 1 -convergence in the case of the homogeneous Dirichlet boundary conditions and bounded initial data.
In this paper we will study the l 1 -convergence of Scheme I in the case of a step function potential and the Dirichlet incoming boundary conditions. We will prove that in this case Scheme I is l 1 -convergent for a class of bounded initial data. The initial conditions can be satisfied when applying the decomposition technique proposed in [10] for solving the Liouville equation with measure-valued initial data arising in the semiclassical limit of the linear Schrödinger equation.
The Liouville equation with a step function (or more generally piecewise constant) potential belongs to hyperbolic equations with singular (discontinuous or measurevalued) coefficients. For the discontinuous coefficient case, the convergence of numerical schemes were widely studied [6, 9, 14, 15, 4, 17, 25, 19, 21, 7, 26, 27, 16, 13, 1, 20] . However, in most cases the convergence rate estimates for numerical schemes were not studied. For the measure-valued coefficient case, recently we have obtained the halfth order l 1 -error estimates for the immersed interface upwind scheme which builds the interface condition into the numerical flux, see [30, 28] . In this paper, we extend this result to the more interesting case of the Liouville equation with a step function potential. Since the Liouville equation is defined in the phase space, extra efforts are needed to deal with the discretization in the velocity space.
To derive the desired error estimates, we split the computational domain into several parts. In each subdomain, we will introduce a number of linear advection equations with step function coefficients. The immersed interface upwind schemes for these linear advection equations yield the same numerical solution as Scheme I for the Liouville equation with the step function potential. Then the l 1 -error estimates for Scheme I can be achieved by applying the l 1 -error estimates for the immersed interface upwind schemes and estimating the l 1 -errors between the exact solutions of the linear advection equations with step function coefficients and that of the Liouville equation with the step function potential. The first part of the error estimates are obtained by applying the results established in [30, 28] with the aid of the condition on the initial data. The second part of the errors are analyzed also utilizing the condition on the initial data. With this approach, we can derive the halfth order l 1 -error bound with explicit coefficients for Scheme I.
Our proof is based on the step function potential. This result clearly generates to piecewise constant potentials in a straightforward but tedious way. The same approach should also be applicable to analyze the l 1 -error estimates for the finite volume Scheme II developed in [11] . But we will not pursue this in this paper.
This paper is organized as follows. In Section 2 we review the Hamiltonianpreserving scheme proposed in [11] for the Liouville equation with a discontinuous potential in one space dimension. In Section 3 we recall the l 1 -error estimates for the immersed interface upwind scheme established in [30, 28] to the linear advection equation with a step function wave speed. In Section 4 we setup the problem and state the main Theorem of this paper which is proved in Section 5 using the results presented in Section 3. We conclude the paper in Section 6.
2. A Hamiltonian-preserving scheme. In this Section we review the Hamiltonianpreserving scheme proposed in [11] to the Liouville equation in one space dimension
with a discontinuous potential V (x). Consider a uniform mesh with grid points at x i+ f i,j+1/2 is defined similarly. In classical mechanics, a particle will either cross a potential barrier with a changing momentum, or be reflected, depending on its momentum and the strength of the potential barrier. Figure 2 .1 shows the typical situations when a particle moves from left to right at a potential barrier. If the potential is reduced, the particle will cross it with an accelerated speed. If the potential is increased, the particle is either reflected if its momentum is not big enough to overcome the barrier or transmitted otherwise with a reduced velocity. The Hamiltonian H = 1 2 ξ 2 + V is preserved across the potential barrier:
Figure 2.1 Transmission and reflection of a particle at a potential barrier. where the superscripts ± indicate the right and left limits of the quantity at the potential barrier. This property was used in [11] to provide the interface condition for (2.1) at the barrier:
where ξ + and ξ − are related by the constant Hamiltonian condition (2.3) in the case of transmission. With such an interface condition, we established the well-posedness of the initial value problem to (1.1) with a piecewise constant potential in [12] .
The main ingredient in the Hamiltonian-preserving schemes developed in [11] , like the earlier work for shallow-water equations [22] , was to build into the numerical flux the interface conditions (2.4), (2.5) at the barrier.
We now present the first Hamiltonian-preserving scheme, called Scheme I in [11] . Assume that the discontinuous points of the potential V are located at the grid points. Let the left and right limits of V at point x i+1/2 be V − i+ 1 2 and V + i+ 1 2 respectively.
. We approximate V by a piecewise linear function
The flux-splitting, semidiscrete scheme (with time continuous) reads
where the numerical fluxes f i,j+ 1 2 are defined using the upwind discretization. Since the characteristics of the Liouville equation may be different on the two sides of a barrier, the corresponding numerical fluxes should also be different. The essential part of the algorithm is to define the split numerical fluxes f
at each cell interface. (2.4) will be used to define these fluxes.
Assume V is discontinuous at x i+1/2 . Consider the case ξ j > 0. Using upwind scheme, f
where ξ − is obtained from ξ + = ξ j from (2.3). Since ξ − may not be a grid point, we have to define it approximately. The first approach is to locate the two cell centers that bound this velocity, then use a linear interpolation to evaluate the needed numerical flux at ξ − . The case of ξ j < 0 is treated similarly. The algorithm to generate the numerical flux is given in [11] . Here we present the simplified algorithm for the case V − i+ 1 2 > V + i+ 1 2 being discussed in this paper.
After the spatial discretization is specified, one can use any time discretization for the time derivative.
In [11] we proved that, when the first order upwind scheme is used spatially, and the forward Euler method is used in time, and the potential V has a single jump, Scheme I is positive and l ∞ -contracting under the CFL condition:
In [29] we proved that when the potential is a step function, the same scheme is l 1 -stable under the CFL condition (2.6) and a suitable condition on the numerical initial data.
Note that the quantity
represents the gradient of the potential at its smooth point, which has a finite upper bound. Thus the scheme satisfies a hyperbolic CFL condition.
3. The l 1 -error estimates for the immersed interface upwind scheme. In this Section we present the l 1 -error estimates for the immersed interface upwind scheme established in [30, 28] to the linear advection equation
with a step function wave speed
We assume that c(x) has a definite sign. This avoids the mathematical difficulties of dealing with non-uniqueness or measure-valued solutions, see for examples [3, 23] .
Without loss of generality we assume c(x) > 0. We consider the following interface condition for (3.1)-(3.3) requiring u being continuous across the interface
In [30] we have considered a more general class of interface conditions including (3.4) .
In this paper we only present the results corresponding to the interface condition (3.4), which will be used to derive the l 1 -error estimates for Scheme I. The exact solution of (3.1)-(3.3) with the interface condition (3.4) can be constructed using the method of characteristics:
Consider the uniform mesh introduced in Section 2 in x and t-directions. We assume that the interface x = 0 is located at a grid point. We introduce quantities
∆x . The condition 0 < λ − , λ + < 1 is the CFL condition. The immersed interface upwind scheme which builds the interface condition (3.4) into the upwind difference scheme (with the forward Euler time discretization) for the equation (3.1)-(3.3) reads
where
To compare the numerical solution computed from (3.6)-(3.8) with the exact solution (3.5), we introduce
The following Theorem was proven in [30] Theorem 3.1. The upwind difference scheme (3.6)- (3.8) , under the CFL condition 0 < λ − , λ + < 1, has the following l 1 -error to the exact solution (3.5) :
and the definition of the BV norm on R is given by
Remark 3.1. In the case of c − = c + , namely a constant wave speed, the coefficient before ∆x in (3.9) can be sharpened. In this paper we will also use (3.9) for the constant wave speed case since this will not affect the leading order coefficient in the l 1 -error estimates for Scheme I.
4. Setup of the problem and the main result. In this Section we establish the l 1 -error estimates for Scheme I (with the first order numerical flux and the forward Euler method in time) under suitable conditions on the initial data. We consider the case when V (x) is a step function, with a jump −D, D > 0 at x = 0. Namely
Let the computational domain be confined in the rectangular domain (2.2). We employ the uniform mesh introduced in Section 2. Define mesh ratios λ 
where the superscripts −, + represent the left and right limits at x = 0.
We consider the typical situation that
, so that all possible particle behaviors, including both transmission and reflection, are included. To simplify the discussion, we choose the mesh such that 0 and ± √ 2D are grid points in the ξ-direction. Define the indices I 0 , I + satisfying
Define the domain
Due to the velocity change across the barrier at x = 0, D b represents the area where particles come from outside of the domain [
]. In order to implement Scheme I conveniently, we need to exclude this domain from the computational domain. Define the index I b satisfying
and the domain
Then we choose the computational domain as We consider the Dirichlet boundary conditions at the incoming boundaries and assume that the initial data satisfy these boundary conditions: 4.1. The initial data assumption. We now impose assumptions on the initial data. We assume the initial data are given on the rectangular domain (2.2). We have the following assumption:
Assumption 4.1.
The initial data f (x, ξ, 0) have bounded variation in the x-direction and is Lipschitz continuous in the ξ-direction. Namely 
the decomposition technique proposed in [10] suggests that one just solves two functions satisfying the same Liouville equation with initial data 
Then the measure-valued solution to the Liouville equation with the initial data (4.5) is simply
and the extension of the initial data
(4.7) Figure 4 .1 shows a sketch of the partition of D C . The exact solution of (2.1) with the step function potential V (x), when using the interface conditions (2.4) (2.5), can be obtained from the initial data f (x, ξ, 0) and boundary conditions (4.1), (4.2) by the method of characteristics:
4.3. The numerical solution. Denote
Under the CFL condition (2.6),
Since V x (x) = 0 except at x = x m+1/2 , with the boundary conditions (4.1), (4.2), Scheme I on D C is given by: 
17). (4.20)
The initial and incoming boundary values of the numerical solution are given by
To compare the numerical solution computed from (4.13)-(4.23) with the exact solution (4.8)-(4.11), we introduce
We now state the main theorem of this paper: 
5. The proof of Theorem 4.1. This section is devoted to the proof of Theorem 4.1.
The l 1 -error in (4.25) can be split according to the partition of D C :
We will estimate the five terms in (5.1) respectively. As stated in Section 1, the strategy is to introduce a number of linear advection equations with step function coefficients in each partition whose immersed interface upwind schemes yield the same numerical solution as Scheme I. Then we apply the error estimates for the immersed interface upwind schemes given in Section 3 and compare the exact solutions of the linear advection equations and that of the Liouville equation to derive the desired estimates.
The upper bounds for E
The exact solution to (5.3),(5.4) is simply
Consider the upwind scheme for (5.3)
where µ j is defined in (4.12). Define
Applying Theorem 3.1, the l 1 -error between v j l,+ (x, t n ) and u j l,+ (x, t n ) is given by
From definition (4.7) and condition (4.3) one has 
In comparison with schemes (4.13), (4.21), (4.22) and (5.6), (5.7), (5.4), (4.7), one can check that, for
(5.14)
From (5.2), (5.14), (5.13), (5.5), (5.4) and (4.8) one has, by the triangle inequality,
According to the definition of the BV norm (3.10) and condition (5.10), one has
(5.18) Applying the Lipschitz condition (4.4) and (5.18) to (5.17) yields
(5.19) Combining (5.15), (5.16) and (5.19) leads to 
The exact solution to (5.24),(5.25) is simply
The upwind scheme for (5.24) is
Applying Theorem 3.1, the l 1 -error between v j r,r (x, t n ) and u j r,r (x, t n ) is given by
where γ j is given by (5.9). From definition (5.23) and conditions (4.3), (4.4) one has, for 0 ≤ ξ ≤ √ 2D, 
(5.32) The second part of (5.32) holds except possibly at the cell interfaces.
From (5.22), (5.32), (4.9) and (5.23), one arrives at 
for p = 1, 2, where 
The upwind schemes for (5.35) are
We present some Lemmas before giving estimates for E + r . Lemma 5.1. If the mesh size satisfies (4.24), then
Proof. We give proof for (5.43), the proof for (5.44)is similar. One has for
Utilizing the mesh size condition (4.24) then obtains (5.43). Lemma 5.2. 
Proof. Clearly, We use the fact that Since f (x) has a bounded variation on R, f (x) exists a.e., and 
